We theoretically and experimentally investigate the conditions necessary to realize highly indistinguishable single-photon sources using parametric down conversion. The visibilities of Hong-Ou-Mandel (HOM) interference between photons in different fluorescence pairs were measured and a visibility of 95.8 ± 2% was observed using a 0.7-mm-long beta barium borate crystal and 2-nm bandpass filters, after compensating for the reflectivity of the beam splitter. A theoretical model of HOM interference visibilities is proposed that considers non-uniform down conversion process inside the nonlinear crystal. It well explains the experimental results.
Introduction
Quantum information technology exploits fundamental phenemena of quantum mechanics such as quantum entanglement and the uncertainty principle to realize novel functional applications, including quantum key distribution [1] , quantum computation [2] , and quantum metrology [3] . Photons are the most useful particles for these applications because they can be transmitted over long distances without decoherence via optical fibers or the atmosphere, they can be easily detected by conventional technologies, and they can be manipulated with high precision using developed optical devices. However, the lack of interaction between photons has hindered their use in such applications.
To overcome this problem, Knill, Laflamme, and Milburn (KLM) [4] found that it is possible to effectively generate the required interaction between single photons using Hong-Ou-Mandel (HOM) interference [5] , which is a two-photon interference at a beam splitter. Based on this concept, controlled-NOT gates for photonic qubits were proposed [6, 7] and demonstrated [8] [9] [10] [11] . Furthermore, small-scale optical quantum circuits [12, 13] , including the original proposal for heralded controlled-NOT operation by KLM [14] , have been demonstrated. HOM interference is also important for generating NOON states [15] used in quantum metrology [16] and quantum lithography [17, 18] .
For these applications, it is very important to develop highly indistinguishable single-photon sources that can generate high-visibility HOM interference. In the previous demonstrations, the HOM visibilities (86% [12] and 90% [14] ) of the heralded single photon sources strongly limited the performance of the quantum circuits [19] .
In this paper, we theoretically and experimentally investigate the conditions for realizing highly indistinguishable heralded single-photon sources using spontaneous parametric down The timing-jitter caused by non-zero pulse duration. The photon pairs are generated in the front side (left side) in BBO1 and in the back side (right side) in BBO2. Thus, the input photons has the timing jitter. (e) The timing-jitter caused by GVM. Since the daughter photons propagate faster than the pump light (GVM), the timing-jitter occurs between photons in different pairs. conversion (SPDC). We consider a case in which photons are generated at the same wavelength by type-I down conversion, which is commonly used in experiments [12, 13, 16] . In a previous analysis [20] of the same conditions, photon pairs were assumed to be uniformly generated in a crystal; i.e., the conversion efficiency was assumed to remain constant as the pump pulse propagates through the crystal. Here, we extend the theory by considering that the number of photon pairs increases linearly as the pump propagates within the crystal [21]. As we show later, this effect becomes significant for crystal lengths of about 1.5 mm or longer, which have been commonly used in previous experiments [12, 13, 15] . Other theoretical studies have investigated different conditions (e.g., non-degenerate type-I [22] and degenerate type-II [23] phase-matching conditions).
We also experimentally investigate the effect of group velocity mismatch (GVM) in crystals by using crystals with different lengths (0.7 and 1.5 mm); this has not been experimentally investigated previously. We succeeded in obtaining a high-visibility of 95.8 ± 2% after compensating for the reflectivity of the beam splitter (observed value: 95.2 ± 2%) using a 0.7-mm-long beta barium borate (BBO) crystal and a 2-nm bandpass filters. To the best of our knowledge, this visibility equals the highest visibility ever reported [24] , but in our case the coincidence rates were higher by a factor of 4. Numerical calculations based on our extended theory agree well with the experimental results.
The paper is organized as follows. In section 2, we introduce the theory for the visibility of HOM dips that considers the pulse width of the pump laser and the GVM between the pump laser and generated pairs. In section 3, we describe the experimental setup used. Section 4 presents the experimental results for HOM interference between photons in same and different pairs and compares them with the results of theoretical calculations.
Theoretical model
We assume that the shape of the HOM dips can be described by [5] 
where N(δ τ) is the coincidence counts, δ τ is the optical delay time between the photons, N max is the maximum coincidence counts, V is the visibility of the HOM dip, and τ c is the coherence time of the input photons. Here, we assume that the input two photons have the same wavelength and the same coherence time.
To clarify the nature of single-photon sources, we discuss two-photon interference visibilities V for an ideal reflectivity of 50%. However, the reflectivity R of a beam splitter (BS) in actual experiments is not exactly 50%. The visibilityṼ for the ideal reflectivity can be calculated from the measured visibility V usingṼ
Visibility of HOM dip between photons in a pair
We first discuss the visibilityṼ s of HOM dips between photons in a pair which can be calculated from an experimentally measured V s using Eq. (2). Spatial, temporal, or polarization mode mismatch between a pair of input photons can degrade the quality of HOM dips. However, unlike the case of two photons belonging to different pairs (which is discussed below), it is not necessary to consider undesirable timing jitters between the incident photons because the two photons are generated from a single pump photon and thus no timing jitter occurs for the type-I phase matching condition ( Fig. 1(b) ). In this context,Ṽ s is a useful parameter for evaluating the effect of mode mismatch on HOM dips.
Visibility of HOM dip between photons in different pairs
We now discuss how the visibilityṼ d of HOM dips between photons in different pairs, which can be extracted from experimentally obtained V d using Eqs. (1) and (2), can be predicted theoretically. As mentioned above, in this case it is necessary to consider both the mode mismatch and undesirable timing jitters between the input photons to estimateṼ d . There are two main causes for undesirable timing jitters: a non-zero pump pulse duration ( Fig. 1(d) ) and a GVM between the pump pulse and the daughter photons ( Fig. 1(e) ). In this paper, we introduce the 'visibilities' V pump and V GV M to consider these two effects. In the first approximation,Ṽ d can be written as Fig. 1(d) correspond to BBO1 and BBO2 in Fig. 1(c) , respectively. As Fig. 1(d) shows, the photon pairs are generated on the front (left) side of BBO1 and on the back (right) side of BBO2. Thus, the input photons have a timing jitter V pump , which is given by [25] [26] [27] .
Here, τ p is the pump pulse duration, τ t is the coherence time of the trigger photons (photons 1 and 4 in Fig. 1(c) ), and τ i is the coherence time of the input photons (photons 2 and 3 in Fig.  1 (c)). Equation (4) suggests that V pump can be maximized by increasing τ i and τ t with respect to τ p . This is because the increase in τ i and τ t corresponds to the broadening of the width of the photonic wave packets of the signal and the idler photons ( Fig. 1(d) ) so that the effect of the timing jitter due to non-zero pump pulse duration is reduced. In experiments, the smaller the band width of the band pass filters for trigger and input photons are, the larger τ i and τ t are. V s describes the effect of mode mismatch between the input photons, which can be estimated from the experimentally obtained V s . V GV M will be discussed in detail in the following section. Figure 1 (e) shows a schematic for the effect of GVM. Again, the upper and lower crystals in Fig. 1 (e) correspond to BBO1 and BBO2 in Fig. 1(c) , respectively. As Fig. 1(e) shows, photon pairs are generated when the pump pulse enters BBO1 (left side), whereas they are generated when the pump pulse exits BBO2 (right side). Since the daughter photons propagate faster than the pump light (GVM), the photon from BBO1 arrives at the BS sooner than the photon from BBO2 in this example.
Visibility degradation due to group velocity mismatch
The group delay between the pump pulse and the daughter photons is given by
where v ge (λ ) and v go (λ ) are respectively the group velocities of the extraordinary and ordinary rays for λ , which is the wavelength of the daughter photons.
To evaluate V GV M , we calculate the HOM dip function F (T,t) by accounting for the effect of timing jitters between the input photons as follows.
where T is the maximum timing jitter (T = L × Δu, where L is the crystal length), g(τ) is the photon pair creation rate at time τ after the pulse enters the crystal, and δ τ is the optical delay time.
In a previous study [20] , photon pairs were assumed to be uniformly generated in the crystal; in other words, the conversion efficiency was assumed to remain constant as the pump pulse propagates in a crystal. In this case, the photon pair creation rate g(τ) is given by:
If we follow this assumption, the number of photon pairs output from the crystal is proportional to the length of the crystal. However, when the SPDC process builds up coherently, the number of photon pairs output from the crystal should be quadratic to the length of the crystal [21] . In this case, the number of photon pairs generated at a point inside the crystal has to be proportional to the distance from the input end of the crystal. We think the latter case is more suitable for our experimental conditions where the Rayleigh length is much larger than the crystal length and the spatial walk off effect of the pump beam is not significant. Thus, in our extended theory, we replace g(τ) with Since V GV M is the visibility of F[T, δ τ],
Unfortunately, in our extended theory, F[T, δ τ] is no longer a simple Gaussian function. Therefore, in this study, we numerically calculated the HOM dip function F[T, δ τ] and searched for δ τ which gives the minimum value to determine V GV M . Figure 2 shows the experimental setup. A frequency-doubled mode-locked Ti:sapphire laser with an output wavelength of 390 nm and a repetition rate of 82 MHz is used as the pump light source. The frequency-doubled pump laser pulses are estimated to have a duration of 200 fs since the fundamental light was measured to have a pulse duration of 100 fs [28] . We used a BBO crystal for parametric down conversion for type-I phase-matching condition. In this experiment, we used BBO crystals with two different thicknesses (0.7 and 1.5 mm). The pump laser is loosely focused by a lens ( f = 600 mm) so that the Rayleigh length is about 100 mm and the beam waist size at the focused spot is about 300 μm. As shown in Fig. 2 , the pump beam is reflected by a dichroic mirror that is located 5 mm behind the crystal so that two pairs of parametric fluorescence photons are simultaneously generated in opposite directions. The angle between the pump and generated photons inside the crystal is set to 3.2 degrees. For this phase matching condition, the GVM between the pump (extraordinary ray) and daughter (ordinary ray) photons is 185 fs/mm. Note that for these thin crystals, the walk-off effect (about 50 and 100 μm for thicknesses of 0.7 and 1.5 mm, respectively) is much smaller than the pump beam waist size (300 μm) and can thus be neglected.
Experimental setup
The four daughter photons (Signal 1 and 2 and Idler 1 and 2) are coupled to four polarization maintaining fibers (PMF: PMJ-3S3S-780-5/125-3, Oz Optics) via an objective lens and bandpass filters (FWHM 2-nm: specially ordered, Optoquest Co. Ltd., T max =99%, CW=780 nm) (FWHM 4-nm: specially ordered, Barr Associates Inc, T max = 92%, CW=780 nm). Note that we carefully selected filters that have the same center wavelength. We inserted an optical delay for Signal 1 to obtain a HOM dip. The half-wave plate (HWP) and the quarter-wave plate (QWP) inside the optical delay are adjusted to maximize the visibility of HOM dips. To obtain HOM dips for different pairs, we measured four-fold coincidence counts between four detectors D1 to D4 (SPCM-AQR13FC, Perkin Elmer) using a homemade coincidence circuit by varying the optical delay. To obtain HOM dips for a pair of photons, we measured two-fold coincidence counts between detectors D1 and D2 using similar experimental setups. For example, to obtain a HOM dip between Signal 2 and Idler 2, we coupled the PMF in the Idler 2 output to the connector immediately before the optical delay. The beam splitting ratio R of the fiber beam splitter differs slightly from 50%; it depends on the bandwidth of the incident light. R was measured to be 47.2 and 46.2% for bandwidths of 2 and 4 nm, respectively. Each photon pair is guided into polarization maintaining fibers after being transmitted through BPFs of same bandwidth. The HOM dip is measured by varying the optical delay.
The FWHM of the spectrum of generated photon pairs coupled to a single mode fiber without inserting band pass filter was 70-nm for 1.5-mm long crystal. As is discussed in our former paper [29], the FWHM is determined mainly by the shape of the tuning curve and the acceptance angle of the objective lens of the fiber coupler. The thickness of the crystal determines the 'thickness' of the tuning curve. Thus, the FWHM could be slightly larger for 0.7-mm long crystal, may be 75 ∼ 90 nm.
Experimental results

HOM interference between a pair of daughter photons
We first measured HOM dips between a pair of daughter photons (Fig. 3) . The HOM dips are between Signal 1 and Idler 1 (see Fig. 2 ) for the following four conditions: 0.7-mm BBO with 256 ± 2 fs 247 ± 3 fs 2-nm bandpass filters ( Fig. 3(a) ), 0.7-mm BBO with 4-nm bandpass filters ( Fig. 3(b) ), 1.5-mm BBO with 2-nm bandpass filters ( Fig. 3(c) ), and 1.5-mm BBO with 4-nm bandpass filters ( Fig.  3(d) ). The measured coincidence counts N are plotted as dots and the error bars are ± √ N. Note that even though we used relatively weak pump intensity (100 mW), we measured the contribution of multi-pair emission to the coincidence counts experimentally by closing one of the input port and subtracted them from the data shown in Fig. 3 . The solid lines in the figures are fitting curves obtained using Eq. (1) with τ and V s as free parameters. Table 1 summarizes the fitting results. First, all the fitting results for both V s and τ for the four conditions are the same for two different pairs (Signal 1, Idler 1 and Signal 2, Idler 2) within the errors. This implies that these two photon pair sources are almost identical. For V s , we obtained average visibility 97.5 ± 0.2% with 2-nm bandpass filters and 96.9 ± 0.4% with 4-nm bandpass filters. After compensating for the non-ideal beam splitting ratio mentioned in the previous section using Eq. (3),Ṽ s = 98.2± 0.2% on average for a 2-nm bandpass filter, and V s = 98.0± 0.3% on average for 4-nm bandpass filters. These values are very close to unity; the slight deviations from unity may be caused by imperfect frequency or polarization mode matching.
HOM interference between photons in different pairs
Using a pump laser power of 200 mW, we measured HOM dips between photons in different pairs (Fig. 4) for the following four conditions: 0.7-mm BBO with 2-nm bandpass filters ( Fig. 4(a) ), 0.7-mm BBO with 4-nm bandpass filters ( Fig. 4(b) ), 1.5-mm BBO with 2-nm bandpass filters (Fig. 4(c) ), and 1.5-mm BBO with 4-nm bandpass filters ( Fig. 4(d) ). Note that we subtracted the components due to the multi-pair emission from the coincidence counts as we mentioned in Sec. 4.1. The dots indicate the measured four-fold coincidence counts and the error bars are the square roots of the counts. The solid lines in Fig. 4 are fitting curves obtained using Eq. (1) with τ and V d as free parameters.
The fitting results are summarized in Table 2 . ForṼ d , we obtained 95.8 ± 2% for the case with a 0.7-mm-long crystal and a 2-nm bandpass filter. To the best of our knowledge, this visibility equals the highest visibility ever reported [24] , but in the present case the coincidence rates were higher by a factor of 4.
Using a longer crystal (1.5 mm) and the same bandpass filter (2 nm),Ṽ d decreased to 91.9 ± 2% due to the larger GVM mismatch. With wider bandpass filters,Ṽ d for 0.7 and 1.5-mm-long crystals are 90.9 ± 2% and 83.7 ± 2%, respectively. Table 1 (402 fs and 255 fs for 2 and 4-nm bandpass filters, respectively) for both τ t and τ i , and we set τ p = 200 fs. The theoretical curve fits the experimental data well for cases with both 2-nm (blue) and 4nm (red) bandpass filters. The intersection points of the theoretical curves with the vertical axis is determined byṼ s , which reflects the effect of mode mismatch between the input photons, and V pump , which is determined by the effect of the timing jitter due to non-zero pump pulse duration ( Fig. 1(d) ). The difference of the intersection points between the two theoretical curves is due to V pump . As we discussed in Sec. 2.2, V pump is larger when the band widths of the band pass filters for trigger and input photons are smaller. Because of the broadening of the width of the photonic wave packets of the signal and the idler photons, the different wave packets can still overlap in spite of the timing jitter ( Fig. 1(d) ).
The decrease inṼ d as the crystal length increase is determined by V GV M , the effect of GVM inside the crystal ( Fig. 1(e) ). When the crystal is longer, the timing jitter caused by GVM becomes significant, resulting in the reduction in the visibility. However, the deterioration is somewhat moderate for the blue solid line (BPF = 2nm) when compared to the red solid line (BPF = 4nm). This is because the photonic wave packets of the signal and the idler photons with the broadened width (BPF = 2nm) can overlap better.
The dotted lines show the cases where SPDC occurs uniformly throughout the crystal [20] . Naturally the discrepancy between the solid (the present theory, which assumes non-uniform generation) and dotted line increases with increasing crystal length; it becomes significant (5% for 4-nm bandpass filter) at a crystal length of 1.5 mm. For larger crystals length (≥ 2 mm), the spatial walk off effect of the pump beam will be no more negligible and the SPDC process cannot build up coherently, and thus Eq. (8) is no more a good approximation. In this case, the experimentally observableṼ d will be between the solid and dotted lines.
Conclusion
We investigated the conditions for realizing highly indistinguishable single-photon sources using parametric down conversion both theoretically and experimentally. The visibilities of HOM interference between photons in different fluorescence pairs were found to be 95.8 ± 2% after compensating for the reflectivity of the beam splitter (observed value: 95.2 ± 2%) using a 0.7-mm-long BBO crystal and a 2-nm bandpass filter. A theoretical model for HOM interference visibilities was proposed that considers non-uniform down conversion process inside the nonlinear crystal. It agreed well with the experimental results.
